This paper focuses on some issues about condensates and renormalization in AdS/QCD models.
I. INTRODUCTION
Recently in some papers in the AdS/QCD literature (at the best of our knowledge [1] was the first to ask this important question) was raised the interesting problem about the theoretical and phenomenological consistency of the treatment of scale-dependent operators in holographic models of QCD. For the sake of simplicity, following [1] , we work in the hardwall model of [2] and focus on the behavior of the quark condensate(see also [3] for an interesting phenomenological treatment of the condensate in AdS/QCD). We will show that, with some very little modification of the AdS/CFT dictionary and with an appropriate 4D interpretation of the mass scales on the 5D side, there is not inconsistence. In the second part of this letter we will do some comments about the 4D meaning of the 5D cosmological constant in a model in which the QCD is dual to a 5D Einstein theory. In particular, we will argue that the cosmological constant is in relation to the gluon condensate. Now we quickly review the model that we use for the first part of the our considerations.
The 5D fields are the gauge fields A L,R = A a L,R T a holographically dual to the Noether currents of the QCD chiral symmetries SU L (2) × SU R (2) and the scalar field φ associated with the operatorqq. The background metric is the AdS 5 metric
where η µν = diag(+1, −1, −1, −1), ǫ is an UV regulator (ǫ → 0 at the end of calculation) and z m is related to the confinament scale. The Latin indices take values 0, 1, 2, 3, z and the Greek indices take values = 0, 1, 2, 3. Note that all is adimensional. The bulk action is
where
The background profile of φ is obtained solving the classical equation of motion with the following boundary condition
where M = 1m q is the quark mass matrix.
The solution is
with
As shown by [4] c 1 == σ1.
II. THE CHIRAL CONDENSATE
In the way we get it, the argument of [1] about the possible inconsistency of the treatment of the chiral condensate in the AdS/QCD models is the following. In the holographic models it is generally assumed that 1/z plays the role of the renormalization scale µ. The AdS/CFT dictionary relates fields on the AdS z = 0 boundary to QCD quantities in UV. The matching to QCD is done at asymptotically high scales, where it is weakly coupled, and µ → ∞, in accordance with the identification 1/z ∼ µ. However, in QCD, as µ → ∞ the quark mass m q tends to zero and the chiral condensate σ goes to infinity. Consistency with QCD then implies that in the holographic model m q , which is fixed on the z = 0 boundary, should also be zero, while σ must diverge because the left side of the GOR relation is a Renormalization Group Invariant
This is inconsistent with the phenomenology of the model, which requires that σ = ∞ in order to have a finite splitting between the ρ and a 1 mesons.
Now we wish to show that there are arguments because this inconsistence to disappears.
Let's begin reviewing some simple aspects of the renormalization in the AdS/CFT models.
For the sake of simplicity let's consider a bulk scalar field φ with mass m φ . The value of this field to boundary φ(z = ǫ, x) (ǫ is the regulator dual to the 4D UV cutoff Λ U V to be taken zero at the end of the calculation) is dual to the source of a 4D scalar operator O of conformal dimension ∆ = 2 + 4 + m 2 φ . In others words the 4D action has the bare term d 4 xφ(z = ǫ, x)O(x). Using the AdS/CFT dictionary (and neglecting contact divergences) the interesting non-analitic term in the limit ǫ → 0 is (considering ∆ non integer for example)(for a review [5] )
To eliminate the cutoff dependence we can define the renormalized operator
where, therefore, the renormalized source is
The Holographic Renormalization can be done more rigorous adding counterterms on the boundary [6] and, in any case, the boundary value φ 0 (x) of the field φ(x, z) defined
plays the rule of renormalized ǫ-independent source. The renormalization scale µ is arbitrary and we are taking µ = 1 so all is adimensional.
So m q and σ are, respectively, the quark mass and the chiral condensate renormalized to the scale µ arbitrary but ǫ independent.
Then we restore the right dimensionality inserting factors of R = µ −1 in the formulas.
So we find for the boundary behavior (taking ǫ ≪ R)
where we have used ǫ to restored the mass dimension of φ(ǫ) because it is dual to the source renormalized to the scale 1/ǫ. Now we will show that, in presence of a condensate, µ have to be fixed at the same scale of the characteristic momentum of the 4D vacuum. In fact, in the chiral limit, is worth the
So, taking ǫ → 0, and remembering that σ is dual to [qq] µ adim. renormalized at µ (the suffix "adim." remembers us that we are considering the dimensionless operator)
and so ξ has to be interpreted as [qq] 1/zm adim. , namely as the chiral condensate renormalized at the confinement scale.
In the holographic model we can calculate the pion decay constant expanding the polarization operator of the axial current Π A (q 2 ), defined by Π µν A = (
ξ ≫ 1 (the best phenomenological value is ξ = 4 [7] ):
e thus
and, because f π ∼ √ N Λ χSB (where Λ χSB is the scale of chiral symmetry breaking), σ is dual at the chiral condensaterenormalized at Λ χSB . So we can see that the scale µ have to be taken at the physical scale of the chiral symmetry breaking.
Let's consider now the holographic realization of the Renormalization Group (RG) transformations. RG transformations in AdS/CFT can be studied by using bulk diffeomorphisms that induce a dilation on the boundary metric. This is a subgroup of the conformal transformation studied in [8] . It's known that the AdS metric, because of the second order pole, not yield a metric at the boundary z = 0. It yields a conformal structure instead, i.e. a metric up to conformal trasformations. Namely, indicating with G the AdS metric, we can define the boundary metric by
but also g 0 = e w z 2 G| z=0 , where w is a function with no zeros or poles at the boundary, is good. So the AdS metric yields a conformal structure at the boundary and the dual theory is CFT [9] because this theory have to be indifferent to a conformal rescaling.
Here, following [6] , we will consider the trasformations,
that produces the transformation g
, that implies (now we are working in un general AdS d+1 space)
by which we have
which is the correct RG transformation rule for a source of an operator of dimension ∆. At this point one could be puzzled because if φ 0 transform under a dilatation it can't be renormalized at a physical scale that instead has to be taken invariant under dilatation.
We can come out considering that this is fully consistent with the fact that a CFT has not physical scale and that a minor change will be necessary here to adapt the holographic construction to QCD. Because QCD is not a CFT, it can't be defined on a conformal manifold, as is the boundary of AdS at z = 0. So we are forced to introduce a physical cutoff z = ǫ U V that can be understood of order of the Planck scale. Of course this scale can't be changed under a dilatation and it limits the diffeomorphisms that we can consider to produce a RG transformation. Only the diffeomorphisms that keep unchanged z can be considered. This is consistent with the fact that in the AdS/QCD model discussed before φ 0 had to be understood as renormalized at a physical scale about Λ QCD .
III. THE GLUON CONDENSATE
To obtain more grasp on the meaning of µ, let's consider now an AdS/QCD model in which the QCD is dual to the 5D Einstein gravity coupled a dilaton field ϕ as in [10] [11]
and V (ϕ) = Λ + n=1 ϕ n c n (because the manifold has a boundary we should have to add the Gibbons-Hawking term to the action but we neglect it because it is not important for the our argument). Let's consider also a UV cutoff at z = ǫ.
We assume that ǫ is small enough so that we can neglect the contribution of the dilaton to the gravitational action respect to the contribution of the cosmological constant Λ. This approximation is justified if ǫ −1 corresponds to a energy at which the QCD is in a small coupling regime. This picture is dual to the QCD with a UV cutoff Λ U V ≃ ǫ −1 coupled to the dynamical 4D gravity. This gravity is induced by the integration of the modes with frequencies above Λ U V and the action is
where M 5 is the 5D Planck scale and S is obtained by substituting g zz (x, z) = g µz (x, z) = 0 and g µν (x, z) = g µν (x, ǫ) = g µν (x) into the 5D Einstein action. The dimensional reduction is justified because the holographic dictionary tell to us that the 5D modes localized at z = ǫ have energy E ≃ ǫ −1 (in order that to make this argument fully consistent we have to take ǫ ≤ R where now R is the AdS radius. Otherwise the warping effects could not be neglected). The 4D effective induced Planck scale is M In this effective theory the 4D gravity has a cosmological constant term which is naturally understood as the cosmological constant induced by the QCD scale anomaly (see [12] for a review on an early approach at some of this ideas in an pure Quantum Field Theory context).
Generally also the perturbative vacuum energy contributes to the cosmological constant which a contribution proportional to the cutoff scale. As we have already seen, a change in the renormalization scale is dual to a 5D diffeomorphism that induces a Weyl transformation of the boundary metric. Because Λ is diffeomorphism invariant, we associate this with a renormalization group invariant quantity. 
and the overall sign minus is fixed by the demand that the kinetic energy be positive.
Let's consider the following transformation of the metric (with σ ≪ 1),
This transformation is equivalent to a dilatation, so is equivalent to a shift of the renormalization scale µ,
that implies a change of the renormalized coupling constant
Because the QCD (we neglect the quarks) is classically scale invariant, this change in the renormalized coupling constant is the only effect [25] that contributes to the variation of W R
Starting from
we get
from which follows
Let's consider, then, δS grav. under the same variation of the metric
Putting everything together
Because we are interested to the induced cosmological constant Λ ind. , let's specialize (31) to the case of flat metric and, using the translational invariance,
and so the induced cosmological constant is
where the condensate is valued on a flat background and, because β < 0 by asymptotic freedom, the sign of Λ depends by the sign of the gluon condensate. This quantity gets contribution only by non perturbative field configurations that in the semiclassical region at which we are looking are dominated by the instantons. The gluon condensate can be write as TrF 2 = 2(B 2 − E 2 ), where B and E are, respectively, the cromomagnetic and cromoelectric fields (see e.g. [15] ). Indeed, instanton is a tunneling processes, it occurs in imaginary time; therefore in Minkowski space one has imaginary cromoelectric fields and so the gluon condensate is positive.
From this consideration, it follows that Λ > 0 in (20) , and this is the sign that we have to take to get AdS space. It's nice that the necessity of a asymptotic AdS behavior in 5D is linked to the presence of the instantons in the QCD vacuum. Moreover, from it, we can get hints about the origin of the constant part of the dilaton potential in more stringy model as [10] [11]; if our analysis is right, the constant part of the potential have to be generated by non perturbative effects dual to tunneling events in QCD.
In our derivation, we have used an arbitrary cutoff ǫ and, keeping it explicit, we have
Let's consider the case ǫ = R, where R is the AdS radius; using M 3 5 R 3 ∼ N 2 (see e.g.
[16]), Λ = 12/R 2 and the fact that β 4g 3 TrF 2 is a Renormalization Group Invariant and so it will be (see the end of this section),
we find
Moreover, if we consider a generic ǫ, we get
The numerical factor in (37) is only indicative and it should not to be taken too seriously;
(37) only says that the UV cutoff is to be taken about to Λ QCD . So this seems to indicate that AdS/QCD have to be understood as a low-energy description valid only below some cutoff scale which is generally a few GeV. It is in accord to the fact that there are many things AdS/QCD gets wrong at high energy [17] [18] (see also [19] where an UV cutoff at ∼ GeV is imposed to improve the phenomenological analysis).
Now one could wonder that in the N counting we have taken Tr(F µν ) 2 ∼ N like follows by Feynman diagram arguments and not Tr(F µν ) 2 ∼ e −N as is for a gas of semiclassical objects. Several facts, the most important is maybe the success of the Instantons Liquid
Model (for a review [20] ), suggest that in the QCD vacuum the interactions between instantons are important and the instanton ensemble is more similar to a liquid than to a gas.
Schafer [21] has shown that, in the Instanton Liquid picture, the instanton density in the large N limit is proportional to N. This is also in accord with lattice results.
By the point of view of this section, the fact that in presence of quarks, the fermion condensate scale is Λ χSB ∼ 1/R is an obvious fact. Moreover, the identification of Λ with the non perturbative gluon effects lets to us to understand why we can neglect the backreaction of the fermion condensate on the AdS metric and still to get good results. This is the same approximation that work successfully in SVZ [22] [23].
IV. CONCLUSIONS
In this paper we have studied some issues about the condensates in two different models of holographic QCD. We have shown that the treatment of the chiral condensate is consistent in AdS/QCD models and that the renormalization scale have to be taken at the scale of the condensate. Moreover, we have found a relation between the cosmological constant and the gluon condensate in a holographic model with dynamical background. This relation indicates that the cosmological constant of the 5D gravity theory dual to the QCD is related at the instanton physics in 4D. Finally, also in this model appears that the UV cutoff of the AdS/QCD models have to be taken at a few GeV in accord a some precedent analysis [19] .
We think that a better understanding of these questions should be useful to explain why certain models work especially well and to obtain more grasp on the possibilities and the limitations of the AdS/QCD approach.
Note: when this work was completed we noted [24] that does some similar consideration about the renormalization of the chiral condensate in an Conformal Technicolor/Holographic context.
